SCMA 259 — Linear Algebra J. D. Sands

Practice Problems 6

1) Find the image of v and the preimage of w.
a) T(vy,v,) = (v + v, —v,), v=(3,—4), w=(319)
b) T(vy,v,,v3) = (v, — vy, V1 + 1y, 2v4), v = (2,3,0), w = (—11,-1,10)
¢) T(vy,v3,v3) = (4v, — vy, 40, + 5v,), v =(2,-3,-1), w = (3)9)

2) Determine whether the following functions are linear transformations or not.
a) T:R? > R%, T(x,y) = (x,1)
b) T:R3 - R3,T(x,y,2z) = (x+y,x—V,2)

0 0 1

¢) T: Maz — Mz, T(A) = <o 1 0>A
1 0 O

d) T:R? > R3, T(x,y) = (Vx,xy,,/y)

3) Let T: R® - R3 be a linear transformation such that T(1,0,0) = (2,4,—1), T(0,1,0) =
(1,3,-2), and T(0,0,1) = (0,—2,2). Find,
a) T(0,3,1)
b) T(2,—4,1)

4) Let T: R® - R3 be a linear transformation such that 7(1,1,1) = (2,0,—1), T(0,—1,2) =
(=3,2,—1), and T(1,0,1) = (1,1,0). Find,
a) T(2,1,0)
b) T(2,-1,1)

5) Let T: My, — M, be a linear transformation such that
o =G 2 76 o=G 1)

f©0-0 2 Q-6 )

. 1 3
Find T (_ 1 4).
6)  Find the kernel of the following linear transformations.
a) T:R® > R3, T(x,y,z) = (0,0,0)
b) T:R3® - R3, T(x,y,2) = (x,0,2)
c) :R? > R?, T(x,y) = (x+2y,y — x)

7) Find a basis for the kernel and range of T, where the linear transformation is represented by
T(v) = Av.
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10)

11)

12)

13)

14)

15)

16)

1 2 -1 4
3 1 2 -1
-4 -3 -1 -3
-1 -2 1 1

c)A=

Find ker(T), nul(T), range(T), rank(T), where the linear transformation is represented
by T(v) = Av.

)
b)A=(4 0 11)

Let T: P, — P; be given by T(p) = Z—z, where P, and P; are the vector spaces of polynomials

of order 4 or less and 3 or less. What is the kernel of T?

Let T:R3 - R3 be the linear transformation that projects the vector u onto v = (2,—1,1).
Find the rank and nullity of T, and a basis for the kernel of T.

Find the standard matrices for the following linear transformations.
a) T(x,y) = (x + 2y, x — 2y)

b) T(x,y) = 2x —3y,x —y,y — 4x)

) Tx,y,z)=(x+y,x—y,z—x)

Find the standard matrices for the linear transformations and use it to find the image of v.
Describe and sketch the vector and its image.

a) T(x,y) = (=x,—y), v=(3,4)

b) T(x,y) = (—x,¥), v = (2,-3)

¢)T(x,y) =(xcosf —ysinf,xsinf +ycosh), v=(44), 8 = 135°

Find the standard matrix for the linear transformation, T: R? - R?, that rotates a vector in
R? clockwise by 8 degrees. Use it to find the image of v = (1,2) when 8 = 60°.

Write down the standard matrices for the linear transformations that reflect through the xy-
plane, xz-plane, and yz-plane.

Find the standard matrices for the linear transformations and use it to find the image of v.
a) T is the projection onto the vector w = (3,1), v = (1,4).
b) T is the reflection through the vector w = (3,1), v = (1,4).

Find the standard matrices for T =T, o T;.

a) Ti(x,y) = (x — 2y,2x + 3y), To(x,y) = 2x,x —y)
(Ty, Tp: R2 > R?)

b) T1(x,y) = (—x+ 2y, x + y,x —y), T,(x,y,z) = (x — 3y,z + 3x)
(T;:R? > R3, T,: R3 > R?)



17)

18)

19)

20)

Determine if the linear transformation is invertible or not. If it is, find the inverse
transformation.

a) T(x,y) = (x+y,x—y)

b) T(x,y) = (2x,0)

)Tx,y,z)=(xx+y,x+y+2)

d) T(x,y) = (x+y,3x + 3y)

Find the matrix of T relative to B and B'. Use it to find the transformation of the vector, v
in B, with respect to the basis B". (In other words the input vector is from the vector space
with basis B, and the answer should be in the vector space with basis B').
a)T:R? > R3, T(x,y) = (x+y,x,5), v=(54)

B ={(1,-1),(0,1)}, B' ={(1,1,0),(0,1,1),(1,0,1)}
b)T:R® > R?, T(x,y,z) = (x —y,y — 2), v = (1,2,-3)

B =1{(1,1,1),(1,1,0),(0,1,1)}, B' ={(1,2),(1,1)}
)T:R® > R3, T(x,y,z) = (x+y+22z—x2y—2),v=(4-510)

B ={(2,0,1),(0,2,1),(1,2,1)}, B' ={(1,1,1),(1,1,0),(0,1,1)}

Find the matrix A’, for T relative to the basis B’ then show that it is similar to the standard
matrix for T, A.

a) T:R? > R% T(x,y) = 2x—y,y —x),B" ={(1,-2),(0,3)}

b) T:R® - R3,T(x,y,2) = (x,y,2),B" = {(1,1,0),(1,0,1), (0,1,1)}

) T:R® > R3,T(x,y,2) = (x—y+222x+y—2zx+2y+2),B ={(1,0,1),(0,2,2),(1,2,0)}

The linear transformation represented by the matrix, A, is given with respect to B. Find the

transformation of the vector, [v]g, to the vector space with basis, B

A= 7)W= (12

B={(13),(=2,-2)}, B’ ={(-120), (=44}

3/2 -1 —1/2
b) A = (—1/2 2 1/2), [v] = (1,0,—1)
1/2 1 5/2

B ={(1,1,0),(1,0,1),(0,1,1)}, B' ={(1,0,0),(0,1,0),(0,0,1)}



