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 



 𝑥1

 sin⁡(𝑥) 𝑥2

 𝑨𝒙 = 𝒃

 (
𝑎11 𝑎12 𝑏1
𝑎21 𝑎22 𝑏2

)

 𝒙 (
𝑎11 𝑎12
𝑎21 𝑎22

) (
𝑥1
𝑥2
) = (

𝑏1
𝑏2
)

 

 

 

   

   

 

 

 

 

 

 

 

(
1 0 1
0 0 1
0 0 0

)  𝑥1, 𝑥3 𝑥2



𝑨𝒙 = 𝟎

𝑨𝒙 = 𝒃, 𝒃 ≠ 𝟎

 𝒙

 

 

𝑬𝑨

 

 

 𝑳 (
𝑎11 0 0
𝑎21 𝑎22 0
𝑎31 𝑎32 𝑎33

)

 𝑼 (

𝑎11 𝑎12 𝑎13
0 𝑎22 𝑎23
0 0 𝑎33

)

 𝑳𝑼

 



 

 

𝐶[𝑎, 𝑏]

𝑛 𝑃𝑛

𝑚× 𝑛 𝑀𝑚𝑛

 

 

 3𝒗𝟏 − 5𝒗𝟐 +⋯

 

 

 

 𝑉

𝑉

 

{𝒗𝟏, 𝒗𝟐, 𝒗𝟑} ℝ3

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡{𝒗𝟏, 𝒗𝟐} ℝ2

 

 𝑉

 



 ℝ2 {(1,0), (0,1)}

 ℝ3 {(1,0,0), (0,1,0), (0,01)}

 𝑀22 {(
1 0
0 0

) , (
0 1
0 0

) , (
0 0
1 0

) , (
0 0
0 1

)}

 

 

 𝑨𝒙 = 𝟎
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 

 

 

 

 

 

 

 𝒃 𝑨𝒙 = 𝒃

 



 

 

 [𝒗]𝑆 𝒗

 𝐵 [𝒗]𝐵

 𝐵 𝐵

 
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 
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 

 

 

 

ℝ𝑛

 

 

 

 
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 𝒊, 𝒋, 𝒌 𝑥, 𝑦, 𝑧
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 

 

 

 

𝑃3 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2 + 𝑎3𝑥

3 {1, 𝑥, 𝑥2, 𝑥3}

ℝ4

(𝑎0, 𝑎1, 𝑎2, 𝑎3) = (1,0, −1,2)

 (1,0, −1,2) 1 − 𝑥2 + 2𝑥3



𝑃3 = 𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2 + 𝑎3𝑥

3

(𝑥𝑖 , 𝑦𝑖)

 

𝑦1 = 𝑎0 + 𝑎1𝑥1 + 𝑎2𝑥1
2 + 𝑎3𝑥1

3

𝑦2 = 𝑎0 + 𝑎1𝑥2 + 𝑎2𝑥2
2 + 𝑎3𝑥2

3

𝑦3 = 𝑎0 + 𝑎1𝑥3 + 𝑎2𝑥3
2 + 𝑎3𝑥3

3

𝑦4 = 𝑎0 + 𝑎1𝑥4 + 𝑎2𝑥4
2 + 𝑎3𝑥4

3

(

 
 

1 𝑥1 𝑥1
2 𝑥1

3

1 𝑥2 𝑥2
2 𝑥2

3

1 𝑥3 𝑥3
2 𝑥3

3

1 𝑥4 𝑥4
2 𝑥4

3
)

 
 
(

𝑎0
𝑎1
𝑎2
𝑎3

) = (

𝑦1
𝑦2
𝑦3
𝑦4

)

𝑎𝑖

𝑃3 ℝ4



 

 

 

 

 

𝑻 𝑩 𝑩’

 

𝑇(𝒗) = 𝒘

 

𝑇([𝒗]𝐵) = [𝒘]𝐵′
𝑨∗[𝒗]𝐵 = [𝒘]𝐵′

𝑇 𝐵 𝐵′

 

 𝐵

 𝐵′

 𝐵

 𝐵′ 𝐵   𝐵′

 𝑨′ 𝐵′



 𝒙 𝜆 𝑨𝒙 = 𝜆𝒙

 𝑨

 

 

 |𝑨 − 𝜆𝒙| = 0

 

 

 

 

 

 𝑛 × 𝑛 𝑛

 

 

 

 

 

 

 1 × 1

 

 

 

 

 
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 

 
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 
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 

 

 

 

 𝐿𝑈

 

 

 

 

 



 

𝑎0 + 𝑎1𝑥 + 𝑎2𝑥
2 + 𝑎3𝑥

3 (𝑎0, 𝑎1, 𝑎2, 𝑎3) ∈ ℝ
4

(

 
 

1 𝑥1 𝑥1
2 𝑥1

3

1 𝑥2 𝑥2
2 𝑥2

3

1 𝑥3 𝑥3
2 𝑥3

3

1 𝑥4 𝑥4
2 𝑥4

3
)

 
 
(

𝑎0
𝑎1
𝑎2
𝑎3

) = (

𝑦1
𝑦2
𝑦3
𝑦4

)

(𝑥1, 𝑦1) (𝑥2, 𝑦2) (𝑥3, 𝑦3) (𝑥4, 𝑦4)

𝑖 𝑥𝑖 𝑦𝑖

𝑝(𝑥) = 4 + 3𝑥 − 5𝑥2 + 𝑥3

(

1 1 1 1 3
1 2 4 8 −2
1 3 9 27 −5
1 4 16 64 0

) (

1 0 0 0 4
0 1 0 0 3
0 0 1 0 −5
0 0 0 1 1

)  (𝑎0, 𝑎1, 𝑎2, 𝑎3) = (4,3, −5,1)



 

𝑨𝑻𝑨𝒙 = 𝑨𝑻𝒃

 

 

√𝑒1
2 + 𝑒2

2 +⋯

= (𝑒1, 𝑒2, … )

𝑨𝑻𝑨𝒙 = 𝑨𝑻𝒃⁡

𝑒1

𝑒2



 

 

ℝ𝑛

𝑑𝑥1
𝑑𝑡

= 4𝑥1 + 7𝑥2

𝑑𝑥2
𝑑𝑡

= −2𝑥1 − 5𝑥2

(

𝑑𝑥1

𝑑𝑡
𝑑𝑥2

𝑑𝑡

) = (
4 7
−2 −5

) (
𝑥1
𝑥2
)  𝒙′ = 𝑨𝒙

(𝑨 − 𝜆𝑰)𝒗 = 𝟎

𝒙(𝑡) = 𝒗𝑒𝜆𝑡

𝜆1 = −1, 𝒗𝟏 = (
−1
1
),⁡⁡⁡⁡⁡⁡⁡⁡𝜆2 = −4, 𝒗𝟏 = (

2
3
)

𝒙 = (
𝑥1
𝑥2
) = 𝑐1 (

−1
1
) 𝑒−𝑡 + 𝑐2 (

2
3
) 𝑒4𝑡

𝑐𝑖 (𝑥1, 𝑥2)

𝑐1 = 0 𝑐2 = 0



 

𝑑𝑥1
𝑑𝑡

= ⋯ 

𝑑𝑥2
𝑑𝑡

= ⋯ 

𝑑𝑥3
𝑑𝑡

= ⋯⁡ 

⁡⁡⁡⋮

 

 

 

 



 

 

 

 𝐾𝑘(𝑨, 𝒃)

 

min
𝒛∈𝐾𝑘(𝑨,𝒃)

||𝒃 − 𝑨𝒛||

 

 

 

https://encrypted.google.com/url?sa=t&rct=j&q=&esrc=s&source=web&cd=1&ved=0ahUKEwixqZukicHZAhXCOI8KHWWaDuYQFggkMAA&url=https%3A%2F%2Fora.ox.ac.uk%2Fobjects%2Fuuid%3A2e5b636b-1145-461e-80fa-ea2041ec476f%2Fdatastreams%2FTHESIS03&usg=AOvVaw2QrWLyFGCjbUX51nA32SKw


 

𝑡 + 1

𝑝𝑖(𝑡 + 1) = 𝑃(𝑖|1)𝑝1(𝑡) + 𝑃(𝑖|2)𝑝2(𝑡) + ⋯+ 𝑃(𝑖|𝑁)𝑝𝑁(𝑡)

𝒑(𝑡 + 1) = 𝑨𝒑(𝑡)

𝑇

𝒑(𝑇) = 𝑨𝒑(𝑇 − 1) = 𝑨𝑨𝒑(𝑇 − 2) = 𝑨𝑨𝑨𝒑(𝑇 − 3) = ⋯ = 𝑨𝑨…𝑨𝒑(𝑇′)

𝑇′
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 
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 
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 

 



 T B B’

 𝑇 𝐵 𝐵’

 

 

 

 

 

 

 

 

 

 

 



 

(
1 2 3
4 5 6
7 8 9

)

 

(
1 2 3
0 −3 −6
7 8 9

)

(
1 2 3
0 −3 −6
0 −6 −12

)

 

(
1 2 3
0 −3 −6
0 0 0

)

 

(
1 2 3
0 1 2
0 0 0

)

(
1 0 −1
0 1 2
0 0 0

)



 

 

𝑨𝒙 = 𝒃

(
1 2 3
4 5 6
7 8 9

)(

𝑥1
𝑥2
𝑥3
) = (

2
4
6
)

(
1 2 3 2
4 5 6 4
7 8 9 6

)

 

(
1 0 1
0 2 3
0 0 1

)  (
1 0 1
0 2 3
0 0 1

)(

𝑥1
𝑥2
𝑥3
) = (

0
0
0
)

 

(
1 0 1
0 2 3
0 0 1

)

1𝑥1 + 0𝑥2 + 1𝑥3 = 0 

0𝑥1 + 2𝑥2 + 3𝑥3 = 0 

0𝑥1 + 0𝑥2 + 1𝑥3 = 0

 𝑥3

 

 𝒙 = 𝟎

 

 

(
1 0 1
0 2 3
0 0 0

)

1𝑥1 + 0𝑥2 + 1𝑥3 = 0 

0𝑥1 + 2𝑥2 + 3𝑥3 = 0 

0𝑥1 + 0𝑥2 + 0𝑥3 = 0

 𝑥3 𝑥1 𝑥2 𝑥3

(

1 0 −1 4
0 1 −2 5
0 0 0 1
0 0 0 0

)

𝑥3



 

(
1 0 0 2
0 1 0 3
0 0 1 1

)

 

(
1 0 0 2
0 1 0 3
0 0 0 1

)

 

(
1 0 0 2
0 1 0 3
0 0 0 0

)

 

 

 

 

 

 



 

 

𝑬 = (
1 0 0
0 1 0
2 0 1

)

 

 𝑬

 

𝑬−𝟏 = (
1 0 0
0 1 0
−2 0 1

)

 𝑬𝑬−𝟏 = (
1 0 0
0 1 0
0 0 1

)

𝑬 = (
1 0 0
0 −3 0
0 0 1

)

 −3

 𝑬

 −3

𝑬−𝟏 = (

1 0 0

0 −
1

3
0

0 0 1

)

 𝑬𝑬−𝟏 = (
1 0 0
0 1 0
0 0 1

)



 

 

 

 

 

𝑨 = (
1 2
3 4

)

~ (
1 2
0 −2

) , 𝑬𝟏 = (
1 0
−3 1

)

~(
1 2
0 1

) , 𝑬𝟐 = (
1 0

0 −
1

2

)

~(
1 0
0 1

) , 𝑬𝟑 = (
1 −2
0 1

)

𝑬𝟏
−𝟏 = (

1 0
3 1

) , 𝑬𝟐
−𝟏 = (

1 0
0 −2

) , 𝑬𝟑
−𝟏 = (

1 2
0 1

)

𝑨 = 𝑬𝟏
−𝟏𝑬𝟐

−𝟏𝑬𝟑
−𝟏



 

 

 

 

(
1 2 1 0
3 4 0 1

)

~(
1 2 1 0
0 −2 −3 1

)

~(
1 2 1 0

0 1
3

2
−
1

2

)

~(
1 0 −2 1

0 1
3

2
−
1

2

)



 

𝑨 = (
1 2 1
0 1 3
2 0 1

)

|𝑨| = 11

𝑨 = (
1 2 1
0 1 3
2 0 1

)

𝑨−𝟏 =
1

11

(

  
 

|
1 3
0 1

| − | | | |

− | | | | − | |

| | − | | | | )

  
 

𝑨 = (
1 2 1
0 1 3
2 0 1

)

𝑨−𝟏 =
1

11

(

  
 

|
1 3
0 1

| − |
2 1
0 1

| | |

− | | | | − | |

| | − | | | | )

  
 

𝑨 = (
1 2 1
0 1 3
2 0 1

)

𝑨−𝟏 =
1

11

(

  
 

|
1 3
0 1

| − |
2 1
0 1

| |
2 1
1 3

|

− | | | | − | |

| | − | | | | )

  
 

𝑨 = (
1 2 1
0 1 3
2 0 1

)

𝑨−𝟏 =
1

11

(

  
 

|
1 3
0 1

| − |
2 1
0 1

| |
2 1
1 3

|

− |
0 3
2 1

| | | − | |

| | − | | | | )

  
 



𝑨 = (
1 2 1
0 1 3
2 0 1

)

𝑨−𝟏 =
1

11

(

  
 

|
1 3
0 1

| − |
2 1
0 1

| |
2 1
1 3

|

− |
0 3
2 1

| |
1 1
2 1

| − | |

| | − | | | | )

  
 

𝑨 = (
1 2 1
0 1 3
2 0 1

)

𝑨−𝟏 =
1

11

(

  
 

|
1 3
0 1

| − |
2 1
0 1

| |
2 1
1 3

|

− |
0 3
2 1

| |
1 1
2 1

| − |
1 1
0 3

|

| | − | | | |)

  
 

𝑨 = (
1 2 1
0 1 3
2 0 1

)

𝑨−𝟏 =
1

11

(

  
 

|
1 3
0 1

| − |
2 1
0 1

| |
2 1
1 3

|

− |
0 3
2 1

| |
1 1
2 1

| − |
1 1
0 3

|

|
0 1
2 0

| − | | | |)

  
 

𝑨 = (
1 2 1
0 1 3
2 0 1

)

𝑨−𝟏 =
1

11

(

  
 

|
1 3
0 1

| − |
2 1
0 1

| |
2 1
1 3

|

− |
0 3
2 1

| |
1 1
2 1

| − |
1 1
0 3

|

|
0 1
2 0

| − |
1 2
2 0

| | |)

  
 



𝑨 = (
1 2 1
0 1 3
2 0 1

)

𝑨−𝟏 =
1

11

(

  
 

|
1 3
0 1

| − |
2 1
0 1

| |
2 1
1 3

|

− |
0 3
2 1

| |
1 1
2 1

| − |
1 1
0 3

|

|
0 1
2 0

| − |
1 2
2 0

| |
1 2
0 1

| )

  
 

𝑨−𝟏 =
1

11
(
1 −2 5
6 −1 −3
−2 4 1

)



 

 𝑼

 

 

 𝑳 = 𝑬𝟏
−𝟏𝑬𝟐

−𝟏…

𝑨 = (
1 −3 0
0 1 3
2 −10 2

)

~(
1 −3 0
0 1 3
0 −4 2

) , 𝑬𝟏 = (
1 0 0
0 1 0
−2 0 1

)

~(
1 −3 0
0 1 3
0 0 14

) , 𝑬𝟐 = (
1 0 0
0 1 0
0 4 1

)

𝑬𝟏
−𝟏 = (

1 0 0
0 1 0
2 0 1

) , 𝑬𝟐
−𝟏 = (

1 0 0
0 1 0
0 −4 1

)

𝑳 = 𝑬𝟏
−𝟏𝑬𝟐

−𝟏 = (
1 0 0
0 1 0
2 −4 1

)

𝑨 = 𝑳𝑼 = (
1 0 0
0 1 0
2 −4 1

)(
1 −3 0
0 1 3
0 0 14

)

𝑼



 

𝑥1 − 3𝑥2 = −5 

𝑥2 + 3𝑥3 = −1 

2𝑥1 − 10𝑥2 + 2𝑥3 = −20

𝑨 = (
1 −3 0
0 1 3
2 −10 2

) , 𝒃 = (
−5
−1
−20

)

𝑳 = (
1 0 0 −5
0 1 0 −1
2 −4 1 −20

)  𝑦1 = −5, 𝑦2 = −1, 𝑦3 = −14

𝑼 = (
1 −3 0 −5
0 1 3 −1
0 0 14 −14

)  𝑥3 = −1, 𝑥2 = 2, 𝑥1 = 1

𝒚

𝒙

𝑳𝒚 = 𝒃

𝑼𝒙 = 𝒚



 

 

{(𝑥, 𝑦, 1) ∶ ⁡𝑥, 𝑦 ∈ ℝ}

(0,0,0)

(0,0,1) (1,2,1), (−1,0,1), 𝑒𝑡𝑐 …

 

𝑆 = {(𝑥, 𝑦, 0) ∶ ⁡𝑥, 𝑦 ∈ ℝ}

(𝑥1, 𝑦1, 0) + (𝑥2, 𝑦2, 0)

= (𝑥1 + 𝑥2, 𝑦1 + 𝑦1, 0)

= (𝑤1, 𝑤2, 0) ∈ 𝑆

𝑆 = {(𝑥, 𝑦, 0) ∶ ⁡𝑥, 𝑦 ∈ ℝ}

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡𝑐(𝑥, 𝑦, 0), 𝑐 ∈ ℝ

= (𝑐𝑥, 𝑐𝑦, 0)

= (𝑤1, 𝑤2, 0) ∈ 𝑆

𝑆



 

 

 

𝑆 = {(
1
4
7
) , (

2
5
8
) , (

1
6
9
)}

(
1 2 1
4 5 6
7 8 9

)~(
1 0 0
0 1 0
0 0 1

)

𝑆

 

𝑆 = {(
1
4
7
) , (

2
5
8
) , (

3
6
9
)}

(
1 2 3
4 5 6
7 8 9

)~(
1 0 −1
0 1 2
0 0 0

)

𝑆



 

 

 

 𝑛 ℝ𝑛.

𝑆 = {(
1
2
3
) , (

0
1
2
) , (

−2
0
1
)}

(
1 0 −2
2 1 0
3 2 1

)~(
1 0 0
0 1 0
0 0 1

)   ℝ3  ℝ3

𝑆 = {(
1
2
3
) , (

0
1
2
) , (

−1
0
1
)}

(
1 0 −1
2 1 0
3 2 1

)~(
1 0 −1
0 1 2
0 0 0

)   ℝ2



 

 𝑆∗ = {(
1
2
3
) , (

0
1
2
)} ℝ2  ℝ2



 

 

 

𝑆 = {(
1
2
3
) , (

0
1
2
) , (

−1
0
1
)}

𝑆∗ = {(
1
2
3
) , (

0
1
2
)} 𝑆

dim(𝑆) = 2

ℝ3 {(1,0,0), (0,1,0), (0,0,1)}

dim(ℝ3) = 3



 

 

 

 

𝑥1 + 2𝑥2 + 3𝑥3 = 1 

4𝑥1 + 5𝑥2 + 6𝑥3 = −1 

7𝑥1 + 8𝑥2 + 9𝑥3 = 2

𝑥1 + 2𝑥2 + 3𝑥3 = 0 

4𝑥1 + 5𝑥2 + 6𝑥3 = 0 

7𝑥1 + 8𝑥2 + 9𝑥3 = 0 

𝑨 = (
1 2 3
4 5 6
7 8 9

)~(
1 0 −1
0 1 2
0 0 0

)  𝒙 = 𝑥3 (
1
−2
1
)

{(
1
−2
1
)}

𝑆𝑝𝑎𝑛 {(
1
−2
1
)}



 

 

 

𝑨 = (
1 2 3
4 5 6
7 8 9

)~(
1 0 −1
0 1 2
0 0 0

)

𝑆𝑝𝑎𝑛{(1,0,−1), (0,1,2)}



 

 

 

𝑨 =

(

 
 

1 3 1 3
0 1 1 0
−3 0 6 −1
3 4 −2 1
2 0 −4 −2)

 
 
~

(

 
 

1 3 1 3
0 1 1 0
0 0 0 1
0 0 0 0
0 0 0 0)

 
 

 

𝑨 =

(

 
 

1 3 1 3
0 1 1 0
−3 0 6 −1
3 4 −2 1
2 0 −4 −2)

 
 

𝑆𝑝𝑎𝑛

{
 
 

 
 

(

 
 

1
0
−3
3
2 )

 
 
,

(

 
 

3
1
0
4
0)

 
 
,

(

 
 

3
0
−1
1
−2)

 
 

}
 
 

 
 



 

 

 

𝑨 = (
1 2 3
4 5 6
7 8 9

)~(
1 0 −1
0 1 2
0 0 0

)  𝒙 = 𝑥3 (
1
−2
1
)

{(
1
−2
1
)} nullity = dim(𝑛𝑢𝑙(𝑨)) = 1

rank = dim(𝑟𝑜𝑤(𝑨)) = 𝑑𝑖𝑚(𝑐𝑜𝑙(𝑨)) = 2

rank + nullity = 2 + 1 = 3



 

 

 

o 

o 

 𝐵 [𝒙]𝐵

 𝐵′ [𝒙]𝐵′

 𝑆 [𝒙]𝑆 𝒙.

𝐵 = {(1,−1), (2,1)}, 𝐵′ = {(1,3), (−2,5)}, 𝑆 = {(1,0), (0,1)}

[(
2
−1
)]
𝐵

𝐵′.

𝐵  𝑆  𝐵′

𝐵  𝑆 𝒙 = 2 × (
1
−1
) − 1 × (

2
1
) = (

0
−3
)

𝑆  𝐵′ (
1 −2 0
3 5 −3

)~(
1 0 −6/11
0 1 −3/11

)  [𝒙]𝐵′ = (
−6/11
−3/11

)⁡



 

𝐵 = {(1,−1), (2,1)}, 𝐵′ = {(1,3), (−2,5)}

𝐵  𝑆 𝑷 = (
1 2
−1 1

)

𝐵′  𝑆 𝑸 = (
1 −2
3 5

)

𝐵 ⁡𝐵′

(⁡𝑸⁡|⁡𝑷⁡)

(⁡𝑰⁡|⁡𝑹⁡)

(
1 −2 1 2
3 5 −1 1

)

(
1 0 3/11 12/11
0 1 −4/11 −5/11

)

𝑹 = (
3/11 12/11
−4/11 −5/11

)

[𝑥]𝐵′ = 𝑹[𝑥]𝐵



 

 

< 𝒖, 𝒗 >⁡=⁡< 𝒗, 𝒖 >

 

< 𝒖, 𝒗 +𝒘 >⁡=⁡< 𝒖, 𝒗 > +< 𝒖,𝒘 >

 

𝑐 < 𝒖, 𝒗 >⁡=⁡< 𝑐𝒖, 𝒗 >⁡=⁡< 𝒖, 𝑐𝒗 >

 

< 𝒖,𝒖 >⁡≥ 0

 𝒖

< 𝒖, 𝒖 >⁡= 0 ⇒ 𝒖 = 𝟎

< 𝒖, 𝒗 >⁡= 𝑢1𝑣1 + 2𝑢2𝑣2

 < 𝒖, 𝒗 >⁡= 𝑢1𝑣1 + 2𝑢2𝑣2 = 𝑣1𝑢1 + 2𝑣2𝑢2 =⁡< 𝒗, 𝒖 >

 < 𝒖, 𝒗 + 𝒘 >⁡= 𝑢1(𝑣1 +𝑤1) + 2𝑢2(𝑣2 +𝑤2) 

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡= 𝑢1𝑣1 + 2𝑢2𝑣2 +⁡𝑢1𝑤1 + 2𝑢2𝑤2 

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡=< 𝒖, 𝒗 > +< 𝒖,𝒘 >

 𝑐 < 𝒖, 𝒗 >⁡= 𝑐(𝑢1𝑣1 + 2𝑢2𝑣2) = (𝑐𝑢1𝑣1 + 2𝑐𝑢2𝑣2) 
⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡= ((𝑐𝑢1)𝑣1 + 2(𝑐𝑢2)𝑣2) 

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡=< 𝑐𝒖, 𝒗 >

 < 𝒖,𝒖 >⁡= 𝑢1𝑢1 + 2𝑢2𝑢2 = 𝑢1
2 + 2𝑢2

2 ≥ 0

 < 𝒖,𝒖 >⁡= 0 ⇒ ⁡𝑢1
2 + 2𝑢2

2 = 0 ⇒⁡𝑢1 = 𝑢2 = 0



 

 

||𝒖|| = √< 𝒖, 𝒖 >

||𝒖 − 𝒗||

cos 𝜃 =
<𝒖,𝒗>

||𝒖||||𝒗||

< 𝒖, 𝒗 ≥ 0

< 𝒖, 𝒖 >= ||𝒖||
2



 

 

𝒖

𝑝𝑟𝑜𝑗𝒗𝒖 =
𝒖 ⋅ 𝒗

𝒗 ⋅ 𝒗
𝒗

𝒖 = (4,2) 𝒗 = (3,4)

𝑝𝑟𝑜𝑗𝒗𝒖 =
(4,2) ⋅ (3,4)

(3,4) ⋅ (3,4)
(3,4) = (

12

5
,
16

5
)

 

𝒖

𝑝𝑟𝑜𝑗𝒗𝒖 =
< 𝒖, 𝒗 >

< 𝒗, 𝒗 >
𝒗 =

< 𝒖, 𝒗 >

||𝒗||
𝟐 𝒗

𝒖 = (4,2) 𝒗 = (3,4) < 𝒖, 𝒗 >⁡= 𝑢1𝑣1 + 2𝑢2𝑣2

𝑝𝑟𝑜𝑗𝒗𝒖 =
< (4,2), (3,4) >

< (3,4), (3,4) >
(3,4) =

4 × 3 + 2(2 × 4)

3 × 3 + 2(4 × 4)
(3,4) = (

84

41
,
112

41
)



 

 

𝑆 = {(1,0,0), (0,1,0), (0,0,01)}

(1,0,0) ⋅ (0,1,0) = 0 
(1,0,0) ⋅ (0,0,1) = 0 
(0,1,0) ⋅ (0,0,1) = 0

𝑆

 

||(1,0,0)|| = √12 + 02 + 02 = 1 

||(0,1,0) = √02 + 12 + 02 = 1 

||(0,0,1)|| = √02 + 02 + 12 = 1

𝑆

⁡



 

 

𝐵 = {(
3

5
,
4

5
, 0) , (−

4

5
,
3

5
, 0) , (0,0,1)}

𝒘 = (5,−5,2) 𝐵.

𝑐1 =< 𝒘,𝒗𝟏 >

𝑐2 =< 𝒘,𝒗𝟐 >

𝑐3 =< 𝒘,𝒗𝟑 >

⁡⁡⁡⁡𝑐1 = (5,−5,2) ⋅ (
3

5
,
4

5
, 0) = −1 

𝑐2 = (5,−5,2) ⋅ (−
4

5
,
3

5
, 0) = −7 

⁡⁡⁡⁡⁡⁡⁡⁡𝑐3 = (5,−5,2) ⋅ (0,0,1) = ⁡⁡⁡2

[𝒘]𝐵 = (
−1
−7
2
)

𝑣1 𝑣2 𝑣3



 

 

𝐵 = {(1,1,0), (1,2,0), (0,1,2)}

 𝒘𝟏

𝒘𝟐 = (1,2,0) − 𝑝𝑟𝑜𝑗𝒘𝟏(1,2,0)

 𝒘𝟏 𝒘𝟐

𝒘𝟑 = (0,1,2) − 𝑝𝑟𝑜𝑗𝒘𝟏(0,1,2) − 𝑝𝑟𝑜𝑗𝒘𝟐(0,1,2)

 

𝒖𝟏 =
𝒘𝟏
||𝒘𝟏||

, , 𝒖𝟐 =
𝒘𝟐
||𝒘𝟐||

, , 𝒖𝟑 =
𝒘𝟑
||𝒘𝟑||

 {𝒖𝟏, 𝒖𝟐, 𝒖𝟑}

𝒘𝟏



 

 

𝑆1 = 𝑆𝑝𝑎𝑛{(1,0,1), (1,1,0)}

𝑆2 = 𝑆𝑝𝑎𝑛{(−1,1,1)}

𝒗 ∈ 𝑆1  𝒗 = 𝑎(1,0,1) + 𝑏(1,1,0)

𝒘 ∈ 𝑆2  𝒘 = 𝑐(−1,1,1)

𝑎, 𝑏, 𝑐

𝒗 𝒘

𝒗 ⋅ 𝒘 = [𝑎(1,0,1) + 𝑏(1,1,0)] ⋅ [𝑐(−1,1,1)] 

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡= 𝑎𝑐(1,0,1) ⋅ (−1,1,1) + 𝑏𝑐(1,1,0) ⋅ (−1,1,1) 

⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡= 0



 

 𝒙

𝑆𝑝𝑎𝑛{(1,2,1,0), (0,0,0,1)}

(
1 2 1 0
0 0 0 1

)(

𝑥1
𝑥2
𝑥3
𝑥4

) = (

0
0
0
0

)

𝑨

𝑨 = (
1 4
2 5
3 6

)

(
1 2 3
4 5 6

)(

𝑥1
𝑥2
𝑥3
)



 

 

 

𝐵 = {(
3

5
,
4

5
, 0) , (−

4

5
,
3

5
, 0)}

𝒘 = (5,−5,2) 𝐵

⁡⁡⁡⁡𝑐1 = (5,−5,2) ⋅ (
3

5
,
4

5
, 0) = −1 

𝑐2 = (5,−5,2) ⋅ (−
4

5
,
3

5
, 0) = −7 

[𝒘]𝐵 = (
−1
−7
)

𝐵

−1 × (
3

5
,
4

5
, 0) − 7 ×⁡(−

4

5
,
3

5
, 0) = (5,−5,0)



 

 

𝑦 = 𝑎𝑥 + 𝑏

 

0 = 1𝑎 + 𝑏 

1 = 2𝑎 + 𝑏 

3 = 3𝑎 + 𝑏

 

(
1 1
2 1
3 1

) (
𝑎
𝑏
) = (

0
1
3
)

 𝑨𝑻𝑨𝑿 = 𝑨𝑻𝒃

𝑨𝑻𝑨 = (
1 2 3
1 1 1

)(
1 1
2 1
3 1

) = (
14 6
6 3

)

𝑨𝑻𝒃 = (
1 2 3
1 1 1

)(
0
1
3
) = (

11
4
)

𝑨𝑻𝑨𝑿 = 𝑨𝑻𝒃  (
14 6
6 3

) (
𝑎
𝑏
) = (

11
4
)  𝑎 =

3

2
𝑏 = −

5

3

𝑦 =
3𝑥

2
−
5

3

𝑨 𝒃
𝑿

𝑏 𝒃



 

𝑇 = (𝑣1 − 𝑣2, 𝑣1 + 2𝑣2) 

 𝒗 = (−1,2)

𝑇(−1,2) = (−1 − 2,−1 + 4) = (−3,3)

 𝒘 = (−1,11)

(
1 −1 −1
1 2 11

)  

𝑨 = (
1 −1
1 2

)

𝑣1 𝑣2



 

𝑇(𝒖) = 𝑢1 + 𝑢2

 

𝑇(𝒖 + 𝒗) = 𝑇(𝒖) + 𝑇(𝒗)

𝑇(𝒖 + 𝒗) = (𝑢1 + 𝑣2) + (𝑢2 + 𝑣2) = (𝑢1 + 𝑢2) + (𝑣1 + 𝑣2) = 𝑇(𝒖) + 𝑇(𝒗)

 

𝑇(𝑐𝒖) = 𝑐𝑇(𝒖)

𝑇(𝑐𝒖) = ⁡𝑐𝑢1 + 𝑐𝑢2 = 𝑐(𝑢1 + 𝑢2) ⁡= 𝑐𝑇(𝒖)

𝑇



 

𝑇(1,0) = (2,3), 𝑇(0,1) = (−1,1)

𝒗 = (5,4)

 

(5,4) = 5(1,0) + 4(0,1)

𝑇(5,4) = 5𝑇(1,0) + 4𝑇(0,1) = 5(2,3) + 4(−1,1) = (6,19)



 

 

 

𝑇(𝒗) = 𝑨𝒗

𝑨 = (
1 −1 −2
−1 2 3

)⁡

(
1 −1 −2
−1 2 3

)(
𝑥1
𝑥2
𝑥3
) = (

0
0
0
)   𝒙 = (𝑥3, −𝑥3, 𝑥3) = 𝑥3(1,−1,1)

𝑆𝑝𝑎𝑛{1,−1,1}



 

 

 

𝑇(𝒗) = 𝑨𝒗

𝑨 = (
1 −1 −2
−1 2 3

)

(
1 −1 −2
−1 2 3

)~ (
1 0 −1
0 1 1

)

(
1 −1 −2
−1 2 3

)

𝑐𝑜𝑙(𝑨) = 𝑆𝑝𝑎𝑛{(1,−1), (−1,2)}



 

 

𝑉 = ℝ3

𝑊 = 𝑃2

 

𝐵1 = {(1,0,0), (0,1,0), (0,0,1)}

𝐵2 = {1, 𝑥, 𝑥
2}



 

 

𝑇(𝑥, 𝑦, 𝑧) = (2𝑥 − 𝑦, 3𝑦 − 2𝑧, 𝑥 + 2𝑦 + 3𝑧)

𝑨 = (
2 −1 0
0 3 −2
1 2 3

)



 

 

 

𝑇1(𝑥, 𝑦, 𝑧) = (𝑥 − 𝑦, 𝑦 + 𝑧)

𝑇2(𝑥, 𝑦) = (2𝑥 − 𝑦, 𝑥 + 𝑦,−𝑥 + 2𝑦,−2𝑥 + 3𝑦)

𝑇(𝒗) = [𝑇2 ∘ 𝑇1](𝒗)

 𝑨𝟏 = (
1 −1 0
0 1 1

)

 𝑨𝟐 = (

2 −1
1 1
−1 2
−2 3

)

𝑨 = 𝑨𝟐𝑨𝟏 = (

2 −1
1 1
−1 2
−2 3

)(
1 −1 0
0 1 1

) = (

2 −3 −1
1 0 1
−1 3 2
−2 5 3

)

 

𝑇(𝒗) = [𝑇1 ∘ 𝑇2](𝒗)

ℝ3 → ℝ2

ℝ2 → ℝ4

ℝ3 → ℝ4

𝑇1

𝑇2



 

 

𝑇(𝑥, 𝑦) = (𝑥 + 2𝑦, 3𝑥 + 4𝑦)

𝑨 = (
1 2
3 4

)

 𝑨−𝟏 = (
−2 1
3

2
−
1

2

)

 

𝑇−1(𝒗) = (−2𝑥 + 𝑦,
3𝑥

2
−
𝑦

2
)



 𝑇 𝐵 𝐵’

 𝑨∗

 

𝑨∗ = 𝑸−𝟏𝑨𝑷

𝑷 𝐵  𝑆

𝑸 𝐵′  𝑆

𝑨 = (
1 1
2 −1

)

𝐵 = {(1,2), (−1,1)}, 𝐵′ = {(−1,3), (2,1)}

𝑸−𝟏 = (
−1/7 2/7
3/7 1/7

)  𝑨∗ = 𝑸−𝟏𝑨𝑷 = (
−3/7 −6/7
9/7 −3/7

)

𝑻[𝒗]𝑩 = 𝑨∗[𝒗]𝑩 = [𝒘]𝑩′[𝒗]𝑩

𝒗𝑇(𝒗) = 𝑨𝒗 = 𝒘𝒗𝒗

𝐵

𝐵′

𝑷 𝐵

𝑸 𝐵′

𝑷 = (
1 −1
2 1

) 𝑸 = (
−1 2
3 1

)

𝑇 𝐵 𝐵′



 𝑇 𝐵 𝐵’

 

 𝐵 𝐵′

𝑨 = (
1 1
2 −1

)

𝐵 = {(1,2), (−1,1)}, 𝐵′ = {(−1,3), (2,1)}

𝐵

(
1 1
2 −1

)(
1
2
) = (

3
0
)

(
1 1
2 −1

) (
−1
1
) = (

0
−3
)

𝐵′

(
−1 2 3
3 1 0

)~(
1 0 −

3

7

0 1
9

7

)  (
3
0
) = −

3

7
(
−1
3
)⁡⁡+

9

7
(
2
1
)

[(
3
0
)]
𝐵′
= (

−3/7
9/7

)

[(
0
−3
)]
𝐵′
= (

−6/7
−3/7

)

𝑨∗ = (
−3/7 −6/7
9/7 −3/7

)



 

 𝑹

 𝑹−𝟏

 

𝑨′ = 𝑹−𝟏𝑨𝑹

𝐵

𝑨 = (
1 2
3 4

)

𝐵 = {(1,2), (−1,1)},

𝐵′

𝐵′ = {(−1,3), (2,1)}

𝑷 𝐵  𝑆

𝑸 𝐵′  𝑆

𝑨′

𝑹 𝐵′ → 𝐵  (𝑷⁡|⁡𝑸)

(
1 −1 −1 2
2 1 3 1

)~(
1 0 2/3 1

0 1 5/3 −1
)

𝑹 = (
2/3 1
5/3 −1

) , 𝑹−𝟏 = (
3/7 3/7
5/7 −2/7

)

𝑨′ = 𝑹−𝟏𝑨𝑹 = (
38/7 −6/7
8/21 −3/7

)

𝑷 = (
1 −1
2 1

)

𝑸 = (
−1 2
3 1

)

[𝒗]𝐵 𝑇[𝒗]𝐵

[𝒗]𝐵′ 𝑇[𝒗]𝐵′

𝑹 𝑹−𝟏

𝑨

𝑨′

𝑹𝑷 𝑸



 

 

𝑨 = (
2 0
0 −1

)⁡

𝒙 = (1,0)

(
2 0
0 −1

)(
1
0
) = (

2
0
) = 2 (

1
0
)⁡



 

 

|𝑨 − 𝜆𝑰| = 0

𝑨 = (
1 2
3 4

)

 |
1 − 𝜆 2
3 4 − 𝜆

| = 𝜆2 − 5𝜆 − 2

 𝜆1 =
5

2
+
√33

2
, ⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡𝜆2 =

5

2
−
√33

2



 

 

 (𝑨 − 𝜆𝑰)𝒙 = 𝟎

𝑨 = (
1 2
0 4

)⁡

𝜆1 = 1:

(
1 − 1 2
0 4 − 1

) = (
0 2
0 3

)~(
0 1
0 0

)  𝒙 = 𝑥1 (
1
0
)

𝑥1 𝑥1 = 1  (
1
0
)

𝜆1 = 4:

(
1 − 4 2
0 4 − 4

) = (
−3 2
0 0

)~ (
1 −2/3
0 0

)  𝒙 = 𝑥2 (
2/3
1
)

𝑥2 𝑥2 = 3  (
2
3
)



 

 

 

𝑨 = (
1 2 −2
−2 5 −2
−6 6 −3

)

𝜆 = −3, 3

𝜆1 = −3

(
1 + 3 2 −3
−2 5 + 3 −2
−6 6 −3 + 3

) = (
4 2 −3
−2 8 −2
−6 6 0

)~(
1 0 −1/3
0 1 −1/3
0 0 0

)  𝒙 = 𝑥3 (
1/3
1/3

1
)

 (
1
1
3
)  dim(𝐸𝜆1) = 1

𝜆1 = 3

(
1 − 3 2 −3
−2 5 − 3 −2
−6 6 −3 − 3

) = (
−2 2 −3
−2 2 −2
−6 6 −6

)~(
1 −1 1
0 1 0
0 0 0

)  𝒙 = 𝑥2 (
1
1
0
) + 𝑥3 (

−1
0
1
)

 (
1
1
0
) (

−1
0
1
)  dim(𝐸𝜆2) = 2



 

 

𝑨 = (
1 2 −2
−2 5 −2
−6 6 −3

)

(
1
1
3
) (

1
1
0
) , (

−1
0
1
)

3 × 3  𝑨

𝑨 = (
1 2
0 1

)⁡

(
1
0
)⁡

2 × 2  𝑨



 

 

𝑨 = (
1 2 −2
−2 5 −2
−6 6 −3

)

(
1
1
3
) (

1
1
0
) , (

−1
0
1
)  𝑷 = (

1 1 −1
1 1 0
3 0 1

) 𝑷−𝟏 = (
1/3 −1/3 1/3
−1/3 4/3 −1/3
−1 1 0

)⁡

𝑫 = 𝑷−𝟏𝑨𝑷 = (
1/3 −1/3 1/3
−1/3 4/3 −1/3
−1 1 0

)(
1 2 −3
−2 5 −2
−6 6 −3

)(
1 1 −1
1 1 0
3 0 1

) = (
−3 0 0
0 3 0
0 0 3

)



 

 

𝑇(𝑥1, 𝑥2, 𝑥3) = (𝑥1 − 𝑥2 − 𝑥3, 𝑥1 + 3𝑥2 + 𝑥3, −3𝑥1 + 𝑥2 − 𝑥3)

𝑨 = (
1 −1 −1
1 3 1
−3 1 −1

)⁡

𝜆 = 2,−2,3

(
−1
0
1
) (

1
−1
4
) (

−1
1
1
)

𝐵 = {(
−1
0
1
) , (

1
−1
4
) , (

−1
1
1
)}



 

 

 

 

𝑨 = (
2 2
2 −1

)⁡

𝜆 = −2, 3

(
1
−2
)⁡ (

−2
−1
)

(1,−2) ⋅ (−2,−1) = 0

{
1

√5
(1,−2),

1

√5
(−2,−1)}

 𝑷 =
1

√5
(
1 −2
−2 −1

) 𝑷−𝟏 =
1

√5
(
1 −2
−2 −1

)

 𝑫 = 𝑷−𝟏𝑨𝑷 = (
−2 0
0 3

)

𝑨 = (
2 2 −2
2 −1 4
−2 4 −1

)⁡

𝜆1 = −6 𝜆2 = 3

(
1
−2
2
) (

2
1
0
) (

−2
0
1
)

𝒘𝟐 = (2,1,0)

𝒘𝟑 = (−2,0,1) − 𝑝𝑟𝑜𝑗𝒘𝟐(−2,0,1) = (−2,0,1) −
(−2,0,1) ⋅ (2,1,0)

||(2,1,0)||
2

(2,1,0) = (−
2

5
,
4

5
, 1)

𝒖𝟐 =
𝒘𝟐

||𝒘𝟐||
𝒖𝟑 =

𝒘𝟑

||𝒘𝟑||

𝒖𝟏 =
1

3
(1,−2,2)

{𝒖𝟏, 𝒖𝟐, 𝒖𝟑}





 

 

 

 𝑻  𝑱 = 𝑻−𝟏𝑨𝑻

𝑨 = (

4 −4 −11 11
7 −16 −48 46
−6 16 43 −38
−3 9 23 −19

)⁡

𝜆 = 3

(𝑨 − 3𝑰)  (

−1
−3
2
1

)

(𝑨 − 3𝑰)2  (

2
3
0
1

) (

−3
−6
2
0

)

(𝑨 − 3𝑰)3  (

−1
0
0
1

) (

3
0
2
0

) (

1
1
0
0

)

(𝑨 − 3𝑰)4  (

1
0
0
0

) (

0
1
0
0

) (

0
0
1
0

) (

0
0
0
1

)

𝒙𝟒 = (

1
0
0
0

)

𝒙𝟑 = (𝑨 − 3𝑰)𝒙𝟒 = (

1
7
−6
−3

)

𝒙𝟐 = (𝑨 − 3𝑰)
2𝒙𝟒 = (

6
24
−20
−12

) 𝒙𝟏 = (𝑨 − 3𝑰)
3𝒙𝟒 = (

−2
−6
4
2

)

= (

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

)⁡

𝑻 = (

−2 6 1 1
−6 24 7 0
4 −20 −6 0
2 −12 −3 0

)



𝑻−𝟏 =

(

 

0 −3/4 −3/4 −1/4
0 0 1/4 −1/2
0 −1/2 −3/2 3/2
1 −1 −3/2 1 )

 

𝑱 = 𝑻−𝟏𝑨𝑻 = (

3 1 0 0
0 3 1 0
0 0 3 1
0 0 0 3

)



 

 

 

𝑨 = (
10 18
−6 −11

)⁡ 𝑨6

(
−3
2
) (

−2
1
)

 𝑷 = (
−3 −2
2 1

)⁡ 𝑷−𝟏 = (
1 2
−2 −3

)

𝑩 = 𝑷−𝟏𝑨𝑷 = (
1 2
−2 −3

)(
10 18
−6 −11

)(
−3 −2
2 1

) = (
−2 0
0 1

)⁡

𝑩6 = (
−2 0
0 1

)
6

= (
(−2)6 0

0 16
) = (

64 0
0 1

)

𝑨6 = 𝑷𝑩𝟔𝑷−𝟏 = (
−3 −2
2 1

) (
64 0
0 1

) (
1 2
−2 −3

) = (
−188 −378
126 253

)



 



1 × 𝑛)



𝑨𝒙 = 𝟎

𝑥



𝑨𝒙 = 𝒃

𝐵 𝐵′

𝑨𝒙 = 𝒃, 𝒃 ≠ 𝟎








